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ABSTRACT: General forms of the dilaton fields satisfying the vanishing beta function equa-
tions of the sigma models in the flat background can be easily expressed in terms of the
Riemannian coordinates. Transformations between group coordinates of three-dimensional
conformal sigma models in the flat background and their flat, i.e. Riemannian coordinates
are found by solving partial differential equations that follow from the transformation
properties of the Levi-Civita connection. By the Poisson-Lie transformation we construct
dilatons for the dual sigma models. As the Poisson-Lie transformation does not preserve
the geometric properties we get dilatons both in the flat and curved backgrounds. The
question if the general flat dilatons fulfil restrictions for construction of dual dilatons is
investigated.
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1. Introduction

One of the most important and well known aspects of the string theory is its relation to
the gravitation. One of the tools for investigating its properties are conformally invariant
o-models in nontrivial backgrounds. They are given by metric, torsion and dilaton field
satisfying the so called vanishing 3 function equations. Their solution is in general a difficult
problem and various low dimensional versions are studied to get a better insight into this
problem. The main goal of this paper is construction of new three-dimensional o-models,
more precisely, their dilatons. We get them by the Poisson-Lie T-plurality procedure given
in [l and investigate the restrictions following from the requirement that the dilatons do
not depend on auxiliary variables appearing in the method.

In the paper [ we have investigated conformally invariant three-dimensional o-models
on solvable Lie groups that were Poisson-Lie T-dual or plural to o-models in the flat
background with the constant dilaton. Several of them were nontrivial in the sense that they
lived in a curved background and had nonvanishing torsion. We have analyzed conditions



for construction of dual dilatons by the plurality procedure and found that in some cases
we were not able to construct the dual dilaton fields because necessary conditions for
application of Poisson-Lie transformation were not satisfied for the constant dilaton of
the flat model. In this paper we shall show that these conditions can be satisfied for more
general dilatons easily obtainable in terms of the Riemannian coordinates of the flat metrics
and we are going to investigate their dual dilatons.

There are two important types of coordinates on the manifolds where the o-models
live. The first one is given by the Lie group structure and follows from the possibility to
express the elements of the Lie group (at least in the vicinity of the unit) as a product
of elements of one-parametric subgroups. The Poisson-Lie T-dual o-models are usually
expressed in terms of these group coordinates. The other type of coordinates are those in
which the metric on the manifold have a special simple form. They are called Riemannian
coordinates (see e.g. []]). The Riemannian coordinates for the flat metrics' will be called
flat coordinates here. In these coordinates the metric tensors become constant and the
Christoffel symbols vanish. The equations of motion ([.2) as well as the vanishing 3
function equations ([[.§)—([.7) become very simple. That’s why it is very desirable to find
the transformation between the group and Riemannian coordinates of the o-models.

In this paper we shall give explicit forms of transformations between these two types
of group coordinates, i.e. we are going to express the Riemannian coordinates of the flat
metric in parameters of its solvable isometry subgroups. This will enable us to write down
the general form of the dilaton field satisfying the vanishing 8 function equations for the
flat model in terms of the group coordinates and consequently the dilaton fields of the dual
or plural models in curved backgrounds.

To set our notation let us very briefly review the construction of the Poisson-Lie T-
plural o-models by means of Drinfel’d doubles (For more detailed description see [{], [H], [,
[). Principal o-model can be defined as a field theory on a Lie group G on which a
covariant second order tensor field F' is given. The action of the g-model then is

Slo) = [ #o0-6'Fy(0)0.0 (1.1)
where ¢ : R?2 — R", n = dim G. The equations of motion have the form
00,4 +~1,0-670.0° =0, (1.2)
where 1
r)/gs = §G]Z(Fis,r + Fm’,s - Frs,i) (1.3)
and G’ is the inverse of 1
Gij = 5 (Fyj + Fji). (1.4)

Quantization of the o-models requires that they be made conformal invariant. This is
achieved by addition of another term depending on a scalar (dilaton) field ® to the action
(L.1)). To guarantee the conformal invariance of the o-model (at least at the one-loop level)

!More strictly we should speak about pseudometrics as we do not require the positive definiteness.



the fields F' and ® must satisfy the so called vanishing 8 function equations

1
0= Rij — Vi Vj o — ZHzmnHjmn, (15)
0 = Hyy; V" @ + " Hyyj, (1.6)
1
0=R=2vkV'® = 74P V" &~ = Hymn H™, (1.7)

where covariant derivatives /i, Ricci tensor R;; and scalar curvature R are calculated from
the (pseudo)metric ([[.4) that is also used for lowering and raising indices. The components
of torsion are defined as

H;ji, = 0;Bj, + 0By + O Byj, (1.8)
where 1
Bij = §(E — Fji). (1.9)

We shall be interested in o-models that satisfy the vanishing § function equations and
moreover are Poisson-Lie T- dualizable i.e. satisfy [f]

Loi(F)y = Fuet fIFop By, i=1,...,dim G, (1.10)

where v; form a basis of left-invariant fields on G and fzj * are structure coefficients of a Lie
group G such that dim G = dim G. If F satisfies the equation ([LI) then the equations
of motion of the o-model can be rewritten (see [I, fI]) as equations for maps to the six-
dimensional Drinfel’d double D = (G|G) — connected Lie group whose Lie algebra D
admits a decomposition into two subalgebras that are maximally isotropic with respect
to a bilinear, symmetric, nondegenerate, ad-invariant form on D. This decomposition
D = (G|G) is called the Manin triple.

The Lagrangian of dualizable o-models can be written in terms of right-invariant fields
on a Lie group G that is a subgroup of the Drinfel’d double as

L = F;j($)0-¢'04¢" = Ew(9)(0-gg~ ") (0499 ")". (1.11)

The functions ¢ are obtained by the composition ¢/ =y o g of a map ¢ : R? — G and a
coordinate map y : U; — R™ of a neighborhood of an element g(z4,z_) € G,

E(g) = (Ey' +1(g))"", Ti(g) =b(g)a(g)" = —TI(g)", (1.12)

and a(g),b(g),d(g) are submatrices of the adjoint representation of the group G on the Lie
algebra of the Drinfel’d double 2

Ad(g)! = (“(9) 0 ) (1.13)

The main problem of this paper is solution of the equations ([.J)—(L.7) and we shall
use the flat coordinates and the Poisson-Lie transformations of dilatons to solve them.

2t denotes transposition.



2. Poisson-Lie transformation

The fact that for a Drinfel’d double several decompositions of its Lie algebra D into Manin
triples (G|G) may exist leads to the notion of Poisson-Lie T-plurality [[]l. Namely, let
{Xj,f(k}, 4,k € {1,...,n} be generators of Lie subalgebras G, G of the Manin triple
associated with the Lagrangian ([.11) and {U;, U*} are generators of some other Manin
triple (Gy|Gur) of the same Drinfel’d double related by the 2n x 2n transformation matrix

X pT\ (U
(5)-(75)(7): 2

X=Xty Xo)oo, U= (0., 0™

where

The transformed model is then given by the Lagrangian of the form ([.T1)) but with E(g)
replaced by
Ey(gy) = M(N + Ty M)~ = (E; '+ y) 7, (2.2)

where
M=S'Ey—-T!, N=P' —RE,, Ey=MN"! (2.3)

and Iy is calculated by ([.L12) from the adjoint representation of the group Gy generated
by {U;}. Note that for P =S =0, T'= R = 1 we get the dual model with Ey = E;t,
corresponding to the interchange G < G so that the duality transformation is a special
case of the plurality transformation (R.1) — (R.9).

For the quantum o-models the Poisson-Lie transformation of the tensor F' that follows
from (R.J) must be accompanied by the transformation of the dilaton []

Oy = @ + In|Det(N + Iy M)| — In|Det(1 + I1Ey)| + In|Det ag7| — In|Det a| (2.4)

where IIy/, ay, are calculated by ([.13) and ([.1J) but from the adjoint representation of
the group Gy. The transformed dilaton ®y; then satisfy the vanishing § function equations
if the dilaton ® does.

Unfortunately, the right-hand side of the formula (R.4) may depend on the coordinates
of the auxiliary group G. That’s why the transformation of the dilaton field cannot be
applied in general but only if the following theorem holds [P]

Theorem 1. The dilaton (2.) for the model defined on the group Gy exists if and only if
700 0.5y = Lo (47 ; Ge o N e
Ud™(g.9) = &CD (g.g. exp(tU)> lt=0 =0, Vg € Gy, Vg € Gy, YU € Gy, (2.5)

where U € Gy is extended as a left-invariant vector field on D and
2 (g) = ®(g) — In|Det(1 + I1(g) Eo)| — In/Det a(g)|. (2.6)

For applications it is much easier to check a weaker necessary condition.



Theorem 2. A necessary condition for the existence of the dilaton (2.) for the model
defined on the group Gy is

- d - ..
U3 (e) = &q)(m (exp(tU))|s=0 = 0, VU € Gy, (2.7)

where e is the unit of the Drinfel’d double D.

For parametrization of g € G in the form

g(y) = exp(y1X1) exp(y2Xa) exp(yszX3), (2.8)

where y; are coordinates on the group manifold and X; are generators of the corresponding
Lie algebra, the condition (R.7) can be rewritten (see [f]) as

Rik 0o (y)

o9 ly=0 = 0, (2.9)

where R is the submatrix in ([2.)).

For some of the o-models with constant dilaton field the condition (R.9) could not be
satisfied and in those cases we were not able to find the transformed dilaton @y that satisfy
the vanishing § function equations. The possibility to find the general dilaton fields for the
flat models offers a possibility to overcome this obstacle and obtain more general dilatons
in curved backgrounds.

3. Flat models and their Riemannian coordinates

In the paper [f] the semiabelian Drinfel’d doubles (G|1), for which G in the decomposi-
tion (G|G) are solvable Bianchi algebras 2,3,4,5,6¢,70 (see [}, []) and G is the three-
dimensional Abelian Lie algebra, were investigated and a classification of conformal invari-
ant Poisson-Lie T-dualizable o-models with constant dilaton field was done. All the models
were torsionless and flat in the sense that their Riemann-Christoffel tensor vanishes.

The flat (pseudo)metrics corresponding to the investigated Drinfel’d doubles expressed
in the group coordinates are

(21) :
0 U v
Gyij=|uv q gtuy |, (3.1)
v g+ uys v+ 20y
(3[1) :
P w4 ze” 2 —y 4 ze” W
Gy)iy = | utze™™ q —q : (3.2)
—u 4 ze” W —q q
(4]1) :



D (vy1 +u)e Yt ve ¥
(vy1 + u)e™¥ qe= 0 , (3.3)
ve Y1 0 0
(1) :

fve*yl 9672?/1 7»672?!1

p uefyl rue*yl
Gly)iy = | we S~ ge=2n |, (3.4)

(60[1) :
p 0 v+ py2
G(y)ij = 0 —p g —py1 ,
v+py2 g —pyL T+ 2gy1 + 20y2 + p(y3 — v3)
(3.5)
(7ol1) :
D 0 Z + py2
G(y)ij = 0 g—py1
Z4+py2 g —py1 T — 2991 + 2252 + p(yi + ¥3)
(3.6)

where u,v,p, q,g,r, 2z are arbitrary real constants.

Beside these models, solutions of the vanishing § function equations with flat met-
rics and nonconstant dilaton fields ® were found by the Poisson-Lie T-plurality (1|6g) =
(51i|60) = (60]1). The metrics and the dilaton fields expressed in the group coordinates

read
(1/60) :
—k2qy1® Kaqyys  —k(1+ kyr)
G(y)ij = K(y1,y2)7" Rapy:  q(=1+ky?) Ky : (3.7)
—k(l =+ k:yl) /<:2y2 0
® = In[(K(y1,y2)| + C, (3.8)

where k, ¢ are constants and

K(y1,y2) = 1+ 2ky; + k*(y1? — y27).

(5Z’L|60) :
q (’U)Z B 1) 2 2 2 2

Gy = W (1+ 2t2we _ 9 2unty2)2
Y1, Y2

Gy = ﬁ (1 —2e21H02 2102 (2 (1 — 2e¥1 21 T202) — ] — 21H202)
Y1, Y2

G(y)22 = m (w2(1 — 2e¥ + e2y1+2y2)2 _ (1 + 62y1+2y2)2) :

G(y)31 = ﬁ ey1ty2 ((262y1+y2 _ 62y1+2y2)(w . 1) —w— 1)’ (3.9)
Y1, Y2



w
G(y)zs = ————e¥112 (2we¥t — 222 (yy — 1) —w — 1),
) 2W (y1,92) ( ( ) )

G(y)ss =0
® = In|(14w)e”WF¥2) L y(1 — 2e792)

+1In {(w — 1)e¥rtvz w{ + 0, (3.10)
where w is a constant and
W (y1,y2) = e 92 ((w — 1) e T2 — ) (1 4+ w — 2w e + w e 92),

All the models can also have nonzero antisymmetric part B of the tensor F' but the
corresponding torsions H;j given by (I.§) are zero so that we shall assume that Fi; = Gyj
in the following. In spite of the fact that all the metrics above are flat, the task to find
coordinates for which the metrics become constant is not trivial.

For finding the flat coordinates we shall use the formula for transformation of the
Levi-Civita connection

ky) =5G (ayj o om ) (3.11)
that reads as
ayi agm agn 1 ayl 82&
v — L ISM TSR - . 3.12
]k(y) 851 (9yj 5yk mn( ) 85[ (9y](9yk ( )

The components of I, (£) in the flat coordinates vanish and we get the system of partial
differential equations for &(y)

9% _ 0E;

- si 313
dy;oy.  TFoy (3:13)

The system is linear and moreover separated with respect to the unknowns &;’s. The possi-
bility to solve it explicitly depends on the form of Fz. - We were able to find general explicit
solutions for the metrics given above that together with the suitable initial conditions will
produce the Riemannian coordinates. The initial condition

b A
[ 62:]375 =0 (3.14)

produce the coordinates in which the metric acquires the constant form G(£) = G(y = 0)
that can be further diagonalized.

In the following we shall present solution of the equations (B.1J) in detail for the metric
(BH) and write down the results for the other metrics. The flat coordinates for the metric
(B.1)) were used in [§ for solution of equations of motion of a model in curved background.
The flat coordinates for the metrics (B.7) and (B.9) produce dilatons that generalize (B.§)
and(B.1() and provide an independent check of the formula (.4). The flat coordinates for
the metrics (B.3) and (B.4) will be used for finding nonconstant dilatons in models with
curved backgrounds in the next section.



3.1 Solving the equations for flat coordinates of the o-model on (6y|1)

The nonzero components of the affine connection for the metric (B.5) are

—g+
F%?) = 17 Fé?) = S )
p
Iy =1, 33 = - —i—pyg’ (3.15)
p
so that the equations (B.13) read
0%¢
=0 3.16
Iyi10y1 (3.16)
0%¢
-0 3.17
0y10ys (8.17)
0%¢ 23
= 3.18
Oy10ys Oy’ (3.18)
0%¢
=0 3.19
y20y2 (3.19)
0%¢ 23
= — 3.20
Oy20ys  Oyr’ (3:20)
0? — 0 0
§ _ ( 94—py1> 9 <Z)+-py2> 3 (3.21)
Ay30ys p I p ) Oy
From (m) and (B.17) we get
&= f(ys)yr + h(y2, y3) (3.22)
and the equations (B.19) and (B.1§) imply
h(y2,y3) = f'(y3) y2 + b(ys). (3.23)
The equation (B-20) gives
f(ys) = ce”® + de™® (3.24)
and from (B.21)) we get the equation for the function b
2
% = —g(cey:” +de ) + %(cey?’ —de %)
solved by
b(ys) = _Zg? (ce® +de™) + % (ce® —de™) 4+ mys + n. (3.25)

The general solution of the system (B.14)-(B.21) then is

(v=9) 4 dv+9)
p

Ly C _
§(y1,Y2,y3) = c(y1+y2)e” +d(y1 —y2)e ¥ + e ¥ +mys+n, (3.26)



where m,n, c,d are integration constants. As the transformation formulas (B.1J) are the

same for all the coordinate components & we can write the flat coordinates in general as

ca(v=9) 4 di(vtg)

§1(Y1,y2,y3) = c1(yr + y2)e”® +di(y1 — y2)e ¥ +

+ miyz +ni, g g
E2(y1,y2,y3) = ca(yr + y2)e” +da(y1 — y2)e ¥ + cQ(vp_ 9) e¥s — dz(v;— g)e*y3
+may3 + na,
&(y1,y2,y3) = c3(y1 +y2)e”® +ds(y1 —y2)e™ ¥ + cB(vp_ 9) evs — d3(vp+ g)e*yS
+msys + ns. (3.27)

and the integration constants will be determined by the required form of the constant
[%] = gk
y; =0 ‘

. v, v
§1(y1,y2,y3) = y1 cosh(ys) + y2 sinh(ysz) + » sinh(y3) — Zg? cosh(y3) — Z;yB +nq,

metric. When we choose

then

. v .
§2(y1,Y2,y3) = y1sinh(ys) + y2 cosh(y3) + » cosh(y3) — %Smh(ys) + gys + no,

&3(y1, Y2, y3) = y3 + ns. (3.28)
and
p 0 v
GE)=|0-pg|. (3.29)
v g r

This constant form can be transformed by linear transformation

o= (Vi) & +2 (ﬁ) 6,

Yo (\/ﬁ) &2-¢ <ﬁ> &,

2 2
/ g v
Yg = T—i—(———)' €3, 3.30
3 <\/ i (3.30)
where
2 2
e = sign(p), A\ = sign <7a + g _ v_>
p p
(for p=0orr+ %2 - % = 0 the metric is not invertible) to the diagonal form
e 00
G'Wy)y=10-c0 |. (3.31)
00 A



Solution of equations (B.13) for the other metrics is a bit more complicated, neverthe-
less, we were able to find the flat coordinates in all investigated cases. Results are given

below.

3.2 Flat coordinates for the o-model on (2|1)

The nonzero components of the affine connection for the metric (B.1]) are

i _ —u2g — u3y2 + uvq 1 _ Tvug — u%yg + vzq ] _ Tvur — uvzyg + vzg
27 w2y — 2uug +v2q B ulr — 2uvg + v 837 u2r — 2uvg +v2q
— 2 _ .3

rz, - u?v ’ r2, - uv 7 r2, v ’
u?r — 2uvg + v3q u?r — 2uvg + v3q u?r — 2uvg + v3q
3 2 b
I3, = - J F%:s = o~ ) ng - — :
u?r — 2uvg + v3q ur — 2uvg + v3q u?r — 2uvg + v2q
(3.32)
The general solution of the equations (B.13) is
E(y1,y2,y3) = a—6d(up — vw)?y; +0Y +cY? +d(up — vw)Y3 +
(2¢ — 6dpw)Z + 3duv Z? — 6dvwY Z (3.33)

where a, b, c,d are integration constants and
Y =uy2+vys, Z=wys+pys,

w=gu—qu, p=ru—go.
When we choose the initial conditions (B.14]) then the flat coordinates in terms of the group
coordinates are
£ ) = (6y1u27" — 12y1uvg + 6y1v%q — 3ulys?g + 3uys?vg — u?’yg?’)
11, 92,Y3) = 6(ur — 2uvg + v2q)
L (3uPvysys® — Buysv?ys? — Guysvysg + 6yzv’ysq — vys?)
6(ur — 2uvg + v2q)

(v2ys%g — vys2ur)
2(u?r — 2uvg + v2q)
(—uvyo? — 2uv?ysys + 2rulys — duvyag + 2ysv?q — vPys?)

p— d
&(y1,y2,v3) 2(w?r — 2uvg + v2q) + da,

E4(y1 v ) = (uy2? + 2ulvysys + uv?ys? + 2ysur — dvysug + 20%y3q)
B\ 920 73 2(ur — 2uvg + v%q)

+ +dy,

+ds (3.34)

and
Ouwv

GE)=|uaqg |- (3.35)

vgr

By the linear transformation

i = <€Lm> &+ (Vidl) &+ <€Lm> &,

,10,



€3, (3.36)

where

2 2

we can transform the metric tensor (B.I]) to the constant diagonal form

e 00
G'y)=10-c0|. (3.37)
00 A

3.3 Flat coordinates for the o-model on (3|1)

The nonzero components of the affine connection for the metric (@) are

(pq — u?)e?¥ + zu

(pg — uD)e — zu

Ij =-2 I3 = I3 = 3.38
11 ; 11 s ; 11 o (3.38)
The general solution of the equations (B.13J) is
_ 2
§(1,y2,y3) = cyz +ayz + wla <) Y1+ (pg — w)lat ) e de” 1 41, (3.39)

2q 8qz

where a, b, ¢,d are integration constants. When we choose the initial conditions (B.14) then
the flat coordinates in terms of the group coordinates are
1 -2y
§1(y1,92,y3) = —5e b

(pq — u2)e2y1 + (pq — u2 + 2uz) 672y1

u
) ) = o 340
&y1,y2,y3) = y2 + qul + 802 802 (3.40)
+ba, (3.41)
U —u? —u? —2uz) _
(W1, Y2,93) = y3 — v + L)erl + (pq )e 21
2q 8qz 8qz

+b37

and
p ut+zz—u

G =|u+z q —q |- (3.42)
z—u —q g

By the linear transformation

v = (V) &+ (:%H) &+ (jﬁ) 3

— 11 —



), ()],

p ‘q (quz
2 2
=) (z-w)
vi=| ||la—- (55 (u+z)> ) &, (3.43)
q_
(0=
where
2 2 2
9 Zout g Y
e = sign(p)’ )= sign (q — %) , A= sign | ¢ — ( p ) - (Z U)

-2

we can transform the metric tensor (B.3) to the constant diagonal form

e0 O
G'y)=108 0 |. (3.44)
00—\

3.4 Flat coordinates for the o-model on (4|1)

The nonzero components of the affine connection for the metric (B-3) are

u v u
I3 = -1 I = <§ Ty 5y1> e’! Iy = o> tn (3.45)

3 _ 49 -un
5y = =791,
(Y

The general solution of the equations (B.13J) is

qgc _ _ cu av
E(y1,y2,Y3) = cyz + %yge Y aye ™ + cyryn + Y2~ + ?y1

PC 4 L CU 4 i

—e —e de b 3.46
+5 +—2q + + b, (3.46)
where a, b, ¢, d are integration constants. When we choose the initial conditions (B.14) then

the flat coordinates in terms of the group coordinates are

§1(y1,y2,y3) = —e ¥
_ v v
§2(y1,y2,y3) = yoe V' + e i

(pq - QUU) e—yl

53 (yla Y2, y3) = 2q’l)

v u
tore Vs aeyZe T yiys + oy
2q 2v v

—y2 + Low _ gyge_y1 +yoe Yt + (Chnll) Y1 — v,
2v v q

(3.47)

- 12 —



and
DUv
G =|uq0]|. (3.48)
v 00

By the linear transformation

yi = V0]dl& + %&7

€3, (3.49)

where

q

u? v?
e =sign(q), & = Psign <p - ?> , A=sign | —
we can transform the metric tensor (B.J) to the constant diagonal form
e0 0
G'Wy)y=10s 0 |. (3.50)

00 =X

3.5 Flat coordinates for the o-model on (5|1)

The nonzero components of the affine connection for the metric (@) are

P =1 I = (ur?vg) - I, = (ur%}vg)

L N A B = T

T2, = ﬁew 3, = —ﬁeyl 3, = —ﬁ (3.51)
3 2

T = _(urgfvg)eiyl'

The general solution of the equations (B.13) is

2
) 4w ((ng +rys)(2er + arys + agys) b> +d, (3.52)

1ap e’' + a (uyz + vys
2 2r

,13,



where a, b, ¢, d are integration constants. When we choose the initial conditions (B.14) then
the flat coordinates in terms of the group coordinates are

§1(y1,92,y3) = —e V' +dy
preoshyr + 7 (uys + vys) + e ¥ (3(gy2 + rys)? — v(gy2 + rys))

&(Y1,92,y3) = + dy
TU — U
—pgcoshy; — gluys + vys) + e ¥ (—L(gy2 + rys)? + u(gys + rys)
&(y1,92,y3) = (4 ) +ds
U — gU
and
pu v
-~ 2
GO=|usyg|- (3.53)
v g T

By the linear transformation
, u

o= ( ‘P’) &1+ <—

e/ Ipl

Yo = <

2
. (oo
b= | ||r—— | | & (3.54)

where

2

. (50

e = sign(p), 5=sign<u;—97>, A = sign r—%+;7gz
P r

we can transform the metric tensor (B4) to the constant diagonal form

e 00
G'y)y=10-50]. (3.55)
00 A

3.6 Flat coordinates for the oc-model on (7|1)

The nonzero components of the affine connection for this metric are

Phy=1 D=1 F§3=%—y1

(3.56)
[y = -1T1% = -1T%; = =5 Y2

The general solution of the equations (B.13) is

E(y1,92,y3) = <% — y1> (z'aeiy3 — ibe*iys) — <§ + y2> (aeiy3 + be*in) +cys+d, (3.57)

- 14 —



where a, b, ¢, d are integration constants. When we choose the initial conditions (B.14) then
the flat coordinates in terms of the group coordinates are

z . z
§1(Y1, Y2, y3) = (—% + y1> cos(y3) + <5 + yz) sin(yz) — p +dy

. z
&(y1,y2,y3) = (% — yl) sin(ys) + (5 + y2> cos(y3) — ;%y?’ +do

&3(y1,y2,y3) = y3 +ds.

and

p0z
GE)=|0py
zgr
By the linear transformation
- £z
i = (V) & + ——=¢.
VIpl
- €g
g2 = (VIPl) &+ —=¢.
Pl
. 22 2
ys = < T———g—>§3,
p p
where
2 2
e = sign(p), A = sign <7“ 2 g_>
p p

we can transform the metric tensor (B.6) to the constant diagonal form

G'(3)

€00
=]10e0
00X

3.7 Flat coordinates for the o-model on (1/6p)

The nonzero components of the affine connection for the metric (B.7) are

U (14 2kyy + k2912 — k2y92)
T — _ (1 + kyl)k

2 (14 2kyr + k2412 — k2y02)
2. — k2y2

U (14 2kyy + K212 — k2y0?)
s — (1 + ky1)kqy:

U (14 2kyy + k2y12 — k2y0?)
rpo_ a1+ k2y2? — ky1)

22 —

(1 + 2ky1 + k212 — K2y22)

k?Zle

Iy =

2T (14 2k + K212 — K2y92)
2. — k*ya

27 (14 2ky; + k2y12 — k2y92)
P2 _ (1 + kyl)k

277 (14 2kyy + k2y12 — k2y9?)
rg — K qy1ys

(1 + 2kyy + k2112 — k2ys2)

,15,
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(3.59)

(3.60)

(3.61)

(3.62)



The general solution of the equations (B.13) is

a + 4kb a + 4kc
§(y1,v2,93) = % In (1 +k(y1 —y2)) + % In (1 +k(y1 +y2))
qa 1
—opy + 7 (qa(yl —w2)) + ays +d. (3.63)

where a, b, ¢, d are integration constants. When we choose the initial conditions (B.14) then
the flat coordinates in terms of the group coordinates are

1 1
§1(y1,y2,93) = 7 In(1 4+ k(y1 — y2)) + s In(1 + k(y1 + y2)) + di

2k 2k
1 1
&2(y1,y2,y3) = —%m(l +k(y1 —y2)) + %ln(l + k(y1 +y2)) +do
q q q
&3(y1,y2,y3) = 4—k21n(1 +k(y1 —y2)) + @ln(l + k(y1 +y2)) — oyRL
+%(ZJ12 — y2%) + y3 + ds. (3.64)
and
0 0 -k
Gey= o0q0 |. (3.65)
—-k0 O
By the linear transformation
1 1
Yy = (5\/ |2k‘|> &+ (5\/ |2k‘|> &3,
ys = (V]a))&e,
1 1
4= (3vEH )& - 3V & (3.60)

where
e = sign(k), 0 = sign(q)
we can transform the metric tensor (B.7) to the constant diagonal form

—00
GW)y=]104d0]. (3.67)
0 Oe

3.8 Flat coordinates for the o-model on (5ii|6)
The general solution of the equations (B.13) is

(2e¥2quwa + (q(1 + 2w)a + 2wb)ys + e~ W1 1¥2)ga(2 — w))
4w?

(e t2quw?a)  (qa(w? — 1) + dwe) In(1 + (=1 4 e~ W1112)))

+
4w? 4w?

N (ga(l + 2w) + 2wb) In(—2w + e¥2w + e Y1 (1 + w))

4w?
(qwa +2wb)(y1 +y2) | e’ qa(l +w)  qalys +y2)
+ . + + :
4w 2w dw

g(yla Y2, y3) = -

+ ays

+d  (3.68)
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where a, b, ¢, d are integration constants. When we choose the initial conditions (B.14) then
the flat coordinates in terms of the group coordinates are

In(1 — w4 e~ WH¥2)y) 4 In(—2we¥t + eV %2 + 14+ w
&(y1,y2,y3) = — < ( )+ In ) +d

2w

In(—2we¥ + eV T2 + 1 4+ w) — In(1 — w 4 e~ W1H¥2)y
&2(y1, Y2, y3) = < ( )~ In ) + dy

2w

2

&3(y1,y2,y3) = — <

2q67y2 w2 + qwef(yl‘i’yQ) — 2qwey1 — qw2€7(yl+y2) + qwey1+y2>

4w

+ <Qey2qw2 —qu® + e WgIn(l —w + e“’l*”’w)) 2

4w?
q - —(n+ —(n+ q
—|—mln(—2w6 v 4wte (y1 yz)_|_e (y1 W)w)+m(yz+y1)
+ys + d3 (3.69)
and
00w
GE)=|0q0 |. (3.70)
w00

By the linear transformation

i = (Vaml) &+ ¢ (VaTul) &,
vy = (V]aD)ée,
v = 3 (Vaml) & - ¢ (VaTul) & (3.71)

where
e = sign(w), 0 = sign(q)
we can transform the metric tensor (B.9) to the constant diagonal form

el 0
Gy)=(0s50 |. (3.72)
00 —e¢

4. Dilaton fields in flat and curved backgrounds

4.1 General dilatons in flat backgrounds

As mentioned in the section B, the metrics (B.1))(B.6) were obtained from the requirement
that the vanishing 3 function equations are satisfied for the constant dilaton field. When
we know the flat coordinates of these models we can easily find general forms of the dilaton
fields that together with these metrics satisfy the vanishing 3 function equations ([.5)-(L.7).

,17,



In the flat coordinates 3’ these equations read

PV i 020

dyioy; dy; oy

(4.1)

and from this form of the equations it is easy to see that the general form of the dilaton
field for the flat metric G;;(y) is

D(y) = c1&1(y) + c262(y) + c3€3(y) + co, (4.2)

where &;(y) are coordinates that bring the flat metric to a constant form G7; and ¢; are
real constants satisfying

3
Z G'ijcicj =0. (4.3)
j=1

For example, the general form of the dilaton field for the o-model (60|1) with the
metric (B.§) that follow from ({.3) and (B.30) is

. v,
D(y1,y2,y3) = c1 (v ’P\) <y1 cosh(ys) + y2 sinh(yz) + » sinh(ysz) — % COSh(?/s))

+c <\/m> <y1 sinh(ys) + y2 cosh(ys) + ;)—)COSh(y:g) — %sinh(y;;))

2,2
t+es <\/ r+ (% - %) D vs + o (4.4)
where sign(p)(c? — c3) + sign <r + 9}72 - %2) 2 =0.

By a similar way, i.e. as a linear combination of the flat coordinates, we can get the
general dilaton fields for the o-models with the metrics (B.1))-(B.4) and (B.6). If the metric
is positively or negatively definite then the dilaton is constant.

We can also get dilaton fields more general than (B.§) and (B.10) for the models (1]6p)
and (57i|6p). The general form of the dilaton field for the o-model (1|6¢) is

0) = V2 (e 4 et (er — ex) k) 1+ b — 92) (14 Ko+ 32)

+(c1 —c3) E\/W (—%yl + %(%2 —y2?) + y3>}

\/mln‘lJrk(leryz)

_|_
ok Tk —w2)

+ co (45)

where sign(q)c3 + sign(k)(c3 — ¢?) = 0. For special choice of constants ¢; = c3 = 2k/+/|2k|,
co = 0, we get the dilaton field (B.§) obtained in [} by the Poisson-Lie T-duality. The
general form of the dilaton field for the o-model (5ii|6y) can be obtained from (B.71) as

well but it is rather extensive to display.
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By the Poisson-Lie transformation of (f.3) we can get dilatons for the o-models dual
to the flat ones but, as mentioned before, only if the necessary conditions are satisfied. Due

to (R.6) and (.2) the condition (P.9) reads

» 0¢ 0
R]k<c =" " In|Det[a(g) (1 + I(g)Ey ) —0=0. 4.6
G = gt Detla(g) (1 + H(9) )] ) (4.6
Moreover, the matrix II(g) vanishes for the semiabelian Manin triples and the flat coordi-
nates can be chosen to satisfy %573”(0) = 0m;. The condition ([.6]) then simplifies to
R)" | ¢j — =—In|Det a(g) | | |y=0 = 0. (4.7)
(3yj

4.2 Dilatons for o-models in curved background dual to (5|1)

The first o-model in the curved background that we are going to investigate is given by

the metric
e 2eu3 () ce2us() V coshug — H sinh ug
Gij(u) = ce 2 e~2eus H coshug — Vsinhug |, (4.8)
V cosh ug — H sinhug H cosh ug — V sinh ug J

where ¢ = +1 and Q,V, H,J are constants. This metric has nonvanishing Ricci tensor
but its Gauss curvature is zero. It belongs to the o-model corresponding to the (6¢|1)
decomposition of the DD11 (for the notation see [fi]) and Ey = G(0). On the other hand,
it can be obtained by the Poisson-Lie transformation (2.2), (.3) from the metric

0 0 ve Yt
Gij(y) = 0 ge? 0 : (4.9)
ve Yt 0 0

where ¢, v are constants. The latter metric is flat and corresponds to the (5/1) decomposi-
tion of the DD11 and Ey = G(0).

The matrix (B.1) that transform the Manin triple (5/1) to (69|1) and the metric ([.9)
to (f.Y) is

—B+iae(B+3a) —e 0 0 0
0 0 0 € 1 «
PT — 1

_ € 0O 0 0O 7 (4.10)

R S 0 0 0 0 0 —e

ze : 0 0 00

0 0 0 —2e1

where relations between the constants are
1 eV+H a’Q —J

- =V —ecH = —e———. 4.11

In fact, the metric (J.§) is the most general that can be obtained by the Poisson-Lie
transformation from a flat metric corresponding to the (5|1) decomposition of the DD11.
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General form of the dilaton field for the metric ([.9) is given by ({.3) where

51 (yl, Y2, y3) = —e

Ea(y1,y2,y3) = e Vo (4.12)
q _
&3(y1,y2,u3) = %€ Viys? + ys.

These are the coordinates that bring the flat metric to its constant form G7; = G;;(0).
The formula (2.4) for the general dilaton of the o-model given by ([.§) yields

Oy (y) = —2y1 —cre” ¥t + coe Py 4¢3 (%e_ylyzz + ys) + co, (4.13)

where the coefficients satisfy the equation ([L.J) that in this case reads
vl 4 2qeies = 0. (4.14)

However, this is not yet the final form of the dilaton field because it is expressed in terms
of the coordinates y of the o-model given by ([.9) and it must be transformed to the
coordinates u of the o-model given by ([L§). The transformation formulas between these
coordinates follow from two different decompositions of elements of the Drinfel’d double
DD11, namely from the relation

e 1 X1 =12 X2 e*y3X3e*3}1)~(1 6*3]2)22 6*53;{3 — o usUs p—u2lz ,—u1ln e*ﬂlljl e*fmfb e*ﬂ:’,(js’
(4.15)
where Xj,)ij are generators corresponding to the decomposition (5/1) of the Drinfel’d
double DD11 and Uj, ﬁj are generators of the decomposition (6g|1). They can be related
by (E10). Coordinates y in terms of u are then expressed as

Y1 = —€us,
€Ul + Us
T
—€uy + uy
Ys = f + Bus, (4.16)

~ ~ ~ 1. ~
7 = B(—uy + €ug) — eus + §(u1 + eug) (o 4+ uy + €ug + € ug),

Y2 = €U + U2 + qus,

Y3 = —€uj + ua.

We can see that unless co = 0, c3 = 0 the dilaton () depends on the coordinate € 7 + us.
It is not admissible and thus the general form of dilaton obtained by the Poisson-Lie
transformation for the metric (£.§) is

®(u) = By (y(u)) = 2eus + ¢ + . (4.17)

We have checked that the vanishing (§ function equations for §(u) and éw(u) given by
[9) are satisfied.
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Note that the condition c3 = 0, cy = 0 is more strict than the necessary condition ([£.7)
that implies co = 0 only. It means that the necessary condition (R.7) is not sufficient for
the Poisson-Lie transformation of the dilaton.

By other plurality transformations of ([.9) we can get o-models with curved back-
ground corresponding to the decompositions (1|69) and (5.ii|6p) of the DD11. For the
dilaton fields the formula (B.4) could be again used but we were not able to express the
coordinates ¥,y in terms of u, @ from the relation (f.19) in these cases.

4.3 Dilatons for o-models in curved background dual to (4|1)
A bit more complicated o-model is given by the metric éij(u), where
Gi(u) = 622( ) = e >Q
(u) = Gai(u) = ee™>Q
Gis(u) = Gs1(u) = V coshuz — H sinh us (4.18)
Gos(u) = Gaa(u) =
Gss(u) = J—Q(V—EH) u3

H coshug — V sinh us

where ¢ = +1 and Q,V, H,J are constants. Again, this metric has nonvanishing Ricci
tensor and its Gauss curvature is zero. It belongs to the o-model corresponding to the
(60]2) decomposition of the DD12 and Ey = G(0). Besides that it can be obtained by the
Poisson-Lie transformation (R.2), (R.3) from the metric

0 ve Yy wve U1
Gij(y) = | ve™¥yy ge 0 , (4.19)
ve Y1 0 0

where ¢, v are constants. This metric is flat and corresponds to the (4]|1) decomposition of
the DD12.
The matrix (R.I) that transform the metric ({L.19) to ({.1§) is

—B—3aeB—3a)—€ 0 0 O

0 0 0 —€ -1 «
PT —€ 1 0O 0 0 O
_ , 4.20
<R S) 0 0 0 0 0 —e ( )
—1e -2 0 0 0 0
0 0 0 -1 3 1
where the relations between the constants are
1 € Vv eV+Hd H a’Q —J
= = —_ H = = - . 4.21

The general dilaton field for the o-model with the flat metric (l.19), which is a special
case of the metric (B.3), is obtained by insertion of the flat coordinates (B.47) into ([L.9)

v
Py(y) = 2y1+co—ce ' + e <a (y+e™¥) + €y1y2> +

v . _ _
3 (a(yl —sinhy;) + %6 Nyl + (e +y — 1) o + y3> (4.22)
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and the constants c; satisfy

vc% 4+ 2qcie3 =0.

The formula (-4) for the dilaton of the o-model with the the curved metric ([.1§) then
yelds &y = —2y; + ®(y) but to get the final form of the dilaton field we must transform it
to the coordinates u. The transformation formulas follow from decompositions of elements
of the Drinfel’d double D D12, namely from the relation (f.1§) where X Iz X j are generators
corresponding to the decomposition (4|1) and Uj;, (7]-, related by (R.1) and ([£.20), correspond
to the decomposition (69|2). Coordinates y in terms of u are then expressed as

Yy = —€us,
€Ul + Ug

Yo = T

—€uy + Uy
j= 2T g, (4.23)
_ 1 1, 1 . 1.,
= B(—u1+eu2)+§(u1—|—eu2)(—a +up +eus —eauz) — Zul + §eu1u2 + Zu2 — €us,
Yo = —€uU] — U2 + U3,
Yz = —euy + Us.

In order that the dilaton does not depend on the coordinate € w1 + us = y2 we must set co =
0, c3 = 0 and the general form of the dilaton obtained by the Poisson-Lie transformation

for the metric (f.1§) is
O (u) = Py (y(u)) = 2eus + c1e + . (4.24)
The vanishing § function equations are satisfied.

4.4 Dilatons for o-models in a flat background dual to (4|1)

In the previous subsections we have used the general dilatons of flat models for producing
dilatons of the dual curved models. An interesting and important question is whether
the general dilatons enable constructing dual dilatons in cases where the constant dilatons
fail. More precisely, are there examples where the constant dilaton cannot produce a dual
dilaton independent of the auxiliary variables but a more general one can?

We shall show that there are examples where the constant dilatons do not satisfy
the necessary condition (2.§) for the Poisson-Lie transformation but a more general do.
Unfortunately, this does not give definite answer to the question because for construction
of the dual dilaton we have to find the transformation of coordinates given by (1.15) which
may be a difficult problem.

An example of the flat o-model for which the trivial dilaton is not dualizable is given
by the metric

Q — 4QV?u? Vur +@Q (4V2u1u2 — 1) %
Gij(u) = Alu) | Vur + Q (4V2uyug — 1) —4QV*u3 +Q +2Vuy V |, (4.25)
|4 V 0
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where
Au) = (1 = V2(uy + uz)?).

It corresponds to the decomposition (2|6g) of the Drinfel’d double D D12 and is related to
the metric (.19) by the Poisson-Lie transformation (R.2), (R.3) where

00000 1
1-100 0 0
PT 0001 10
= —4Q, v=1/V. 4.26
<RS> 001000 | 7% v=V (4.26)
000%i-10
1 1
110000

Both the metrics ({.19) and ([1.25) are flat so that their general dilaton fields can be
obtained by insertion of the flat coordinates into ([.4). By this way we get dilaton ({.27)
and

®(u) = ¢ + ¢ arctanh (V(ug + ug)) +
Co [ln |1 — V2(u1 + UQ)2| + 4QV(U1 — UQ)] +

1
Cs [SQ us — Warctanh (V(uy +u2)) + (4.27)

2Q(u1 + ug) <6u1 — 2uy + Q—1V> —4Q(u1 — u2)*(1+ 8QV (u1 +ug))|,

where the coefficients satisfy the equation
G+ avVi=o. (4.28)

It means that we have two flat metrics related by the Poisson-Lie transformation, we
know their general dilatons, and we can ask if at least some parts of the dilatons can be
transformed one to the other.

The necessary condition (f.7) for the dilaton transformation given by the matrix ({.2€)
1 not satisfied by the constant dilaton but only by

O(y) =co—2e (4.29)

obtained from ({:22) by setting ¢; = 2,co = 0,c3 = 0. The formula (R.4) for the dual
dilaton corresponding to the metric ([25) then gives

by =co—2e Y =2y +1In|l — VZ(uy + uz)?|. (4.30)

We can see by comparing the number of free constants in ([f.27) and (f.30) that the Poisson-
Lie transformation can produce only a special form of the dilaton for the dual model. The

problem however is that we do not know if y; depends on wu; or not because we are not
able to solve the relation ({.17) in this case.

A similar situation, namely that the constant dilaton does not satisfy the necessary
condition for construction of the dual dilaton but a more general does, happens in the
models following from the pluralities (4]1) = (44i|6¢) and (5|1) = (5i|69) = (1]6p). Unfor-
tunately, once again in these case we are not able to solve the relation ({.15).
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5. Conclusions

The Poisson-Lie T-duality does not preserve the geometric properties of the backgrounds
so that it can relate o-models in curved and flat backgrounds. We have used this fact to
solve the vanishing 3 function equations ([.LH)-([.7) in curved backgrounds applying the
Poisson-Lie transformation (R.4) to general dilatons for the flat metrics.

The equations for the dilaton field of the flat o-model are easily solvable in the flat
coordinates. To get the general dilatons for the flat metrics in terms of the group coordi-
nates we need the transformations between the group and flat coordinates of the o-models.
These transformations were found for three-dimensional flat o-models and their explicit
forms were presented in the Section fJ. The transformations can be used for many other
purposes. The equations of motion of the o-models with the flat metrics are easily solvable
in terms of the flat coordinates. If the investigated models are Poisson-Lie T-dual or plural
to o-models with nontrivial backgrounds then the transformation to the group coordinates
offers a possibility to find classical solutions in the nontrivial background. An example of
such solution was given in [§ and other models are being solved now.

In the section [, new dilaton field for the metrics ([.§) and ([L1§), both having non-
trivial Ricci tensor, was found. It is the most general dilaton that can be obtained by the
Poisson-Lie transformation from the general dilatons ([L13), (:29) of the dual flat metrics
([#.9) and (f.19). These cases show that the necessary condition (R.7) for the applicability
of the formula (2.4) is not sufficient. An interesting but yet unsolved question is whether
the dilaton ({.17) obtained by the Poisson-Lie transformation is the general solution of the
vanishing 3 function equations for the curved backgrounds ([.§) and ({.18). The results of
transformations of dual flat models indicate that this need not be so.

In the subsection .4 we have tried to answer the question whether the general dilatons
enable to satisfy the conditions (B.§) and (R.9) for construction of dual dilatons in cases
where the constant dilatons fail. We were able to find examples for which the necessary con-
dition (R.9) is satisfied only for a nonconstant dilaton, nevertheless, it is not clear whether
the nonconstant dilaton can be transformed to a dual one. The reason is that in these cases
we are not currently able to determine the dependence of the relevant y coordinates on the
variables u, @ implicitly given by (f.15). On the other hand, there are cases when only the
constant dilaton may be inserted into the formula (R.4) because all y coordinates depend
on the inadmissible auxiliary variables u. Examples of this are models corresponding to
the dual Manin triples (1]2) 2 (2]1), (1]7¢) = (7o|1) whose dilatons were published in [f].

The examples investigated in this paper show that there are many dual models with
dilatons that cannot be related by the formula (R4). That might indicate that a more

general prescription for the dilaton transformation may exist.
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